Calculus Review
Edward Burkard

Our goal for this document will be to review some essential material from Calculus relevant
to this class. These topics are usually all contained in a standard Calculus I or AP Calculus
AB class, with a few exceptions. Limits will not be treated here, but we will start from
derivatives and finish with integrals.

1. DERIVATIVES
1.1. Definition. Let f(x) be a function on an interval a < z <b.

Definition 1.1 (Derivative). Let ¢ be a number with a < ¢ < b. The derivative of f at ¢ is
defined to be the limit
fleth) = fle)
h

lim
h—0
if it exists. If this limit exists, we call it f’(c).
If f has a derivative at every number between a and b, then we say f is differentiable on the

interval a < x < b. In this case, f'(z) is a function on the interval @ < x < b. An alternative

notation for f'(z) is —.
Fayis

Remark 1.2. The fraction
fl@+h) = f(z)

h
is known as the difference quotient of h.
Let’s begin by doing some basic examples
Example 1.3.
(1) f(z) =¢, ¢ a constant
(2) g(z) =z
(3) j(x) = 2?
(4) k(z) = 2"
Solution.
(1) The derivative is
o c—c . B
Py == —ime =0
(2) The derivative is
/ 1 (:U + h’) - T ﬁ _ _
TSI T T T



(3) The derivative is
o (w4+h)P -2 (P H42hx4 k%) —2® . 2hx4+h® B
j'(w) = lim ————— = lim - = lim = = lim(2z + h) = 22

(4) To do this one, let’s first take a look at (x4 h)". By the Binomial Theorem, we have

n n n n n - n
h n_ n nflh n72h2 . hnfl hn — nfkhk
o= (g (D)ot () s (2 Jare (L) = 32 ()

For us, it’s only important to know that (g) =1 and (’f) = n, but in general,

(+)

(z+h)" =" +na""'h + (Z) " 2h? + <§) "R 4

Thus,

So, we then have that

a4 na" th+ ()2 2R+ () e R 4 — a2
= lim

h—0 h
T (a4 ()

h—0 h

= lim {nx"l - (n) 2" 2Rt 4 (n) 2" PR } =nz"!
h—0 2 3

Let’s close this section with a less trivial example. First recall the important limits

. sinz . cosx —1
lim =1 and lim — =0.
z—0 I z—0 xT

Example 1.4. Find the derivative of f(x) = sinz.
Solution. Recall the sum formula for sine:

sin(a + b) = sina cos b + cos asin b.
Writing down the difference quotient for sin(x) gives:

flx+h)— f(x) sin(z + h) —sinx _ sinwzcosh + cosxsinh —sinx
h h a h
sinz (cosh — 1) +coszsinh | cosh—1 sin h
= 3 =S — + cosx 3




So now, taking the limit as h — 0 gives

sin(z + h) —sinx

g Sne) = i 2

_ . cosh—1 n sin h
= hl_r)I(l) sin x . CcoS X N

L cosh —1 . sin h
= limsinz [ ——— ) + limcosx

h—0 h h—0

. . cosh —1 . sinh

= sinzlim [ ———— ] + cosx lim
h—0 h =0 h

= (sinx)(0) + (cosz)(1) = cosz
1.1.1. Ezercises. Use the limit definition to find the derivatives of the following functions:
(1) 2°

(5) cosx

1.2. Properties of Derivatives. We have already established two properties
of derivatives in Example 1.3:

Theorem 1.5 (Constant Rule). For any real number c
d

—lc] =0.
il
Theorem 1.6 (Power Rule). Let n # 0 be any real number. Then,
d
[z"] = na™ "

dzx
Remark 1.7. In Example 1.3, we showed it for the case when n is a positive integer, but to
prove it for real numbers in general requires knowledge of some other derivatives.

There are some more basic properties we can obtain rather easily. The next two theorems,
together, say that the derivative is an linear operator:

Theorem 1.8 (Constant Multiple Rule). Let f(z) be a differentiable function and let ¢ be

a constant. Then J
[cf(z)] = cf'(x).

dr
Proof.
d _ocfeth) —cf(x) flz+h) - [f(z)
e/ = fi SRR o (H )



O

Theorem 1.9 (Sum and Difference Rules). Let f(z) and g(x) be two differentiable functions.
Then

i) + 9] = /@) + (@)

1) - 9] = 1)~ g (&)

1.2.1. Exercises. Compute the derivatives of the following functions
(1) 22 +2 -3

2
(2) 5— 3®

(3) 2% + 22

1
(7) x* — 3 sint

+ 2cost

)
® tay
(9) dx —|—962:c—|—5
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1.3. Geometric Meaning of the Derivative. Let f(z) be a continuous
function. Consider the line passing through the points (z, f(z)) and (z + h, f(x + h)). This
line is called a secant of the graph.

The slope of the secant line is

flath)—flx)  fle+h) - f(z)

(x+h)—x h ’

the difference quotient. As h gets closer to 0, the point (z + h, f(z + h)) gets closer to
the point (z, f(z)), and so the secant line approaches the tangent line. The red line is the
tangent line and the pink and purple lines are secants. The pink line has a smaller h value
than the purple line.



.0 CI.If 1.‘3 1.‘5 Ej:l
So, we then see that the slope of the tangent line is given by

o F@ R — f(@)

h—0 h

i.e., the slope of the tangent line is given by the derivative.

1

Example 1.10. Find an equation for the tangent line to the graph of f(x) = §x4 +x at the
point (2,4).

Solution. First, we take the derivative of f(x)

/ 1 3 1 3
flle)==(4z’)+1=z2z"+1
8 2
Then, the slope of the tangent line at (2,4) is

1
fl(2) = Z23 +1=3
Using the point-slope form of a line, we find an equation for the tangent line to be
y—4=3(z-2)

Notice that we can use the derivative to check whether the function is increasing or de-
creasing by looking at it’s tangent line. If the tangent line has positive slope, we can see
that the function is increasing and if the tangent line has negative slope, then the function
is decreasing. If the tangent line has 0 slope somewhere, i.e., the tangent line is horizontal,
the function isn’t changing at that point. That is, we have the correspondence



Value of f'(x) Property of f(x)
Positive Increasing
Negative Decreasing

Zero Value is not Changing

1.3.1. Bzxercises. Find an equation for the tangent line to the graph of the given function
at the indicated point.

(1) f(z) =2® -9, (2,-5)

(2) g(x) =27, (0,0)

(3) f(z) =2+ 2%+ 1, (2,13)
(4) 9(z) = vz -1, (5,2)

(5) k(t) = 2cost, (7, —2)

Find the points at which the following functions have horizontal tangent lines.
©) y=a°—a
(7) y=x+sinz

(8) y = V3z + 2cost

14. Product and Quotient Rule. Given the machinery we have so far,
differentiating something line x sin x will prove somewhat difficult. So, we need to establish
some kind of rule for product of differentiable functions.

Theorem 1.11 (Product Rule). Let f(z) and g(z) be differentiable functions. Then

L F@o(e)) = £ @) + F2)g ()

Unlike the proofs of the constant rule and sum and difference rules, the proof of the
product rule is a bit less straightforward... We use a standard trick in analysis: adding and
subtracting the same quantity (see the terms in green).



Proof.
d _ o St h)gle+h) — fx)g(x)
L f@e@)] = lim g
o S+ h) — J(@)g()
N h—0 h
[l ) fle o), S+ Rlote) — felge)
h—0 h h
h h) —
_— {f(x et })L g(z) | fla+ ])l /( )g(:c)}
_ }lll_)r%f(ib’—l-h)}ll_)r%g(x—i_h}z_g( )+}1L1£)%f( +h2_f($)g(x)
= f@)g' () + ['(x)g(x)
O
Let’s do some examples now
Example 1.12. Find the derivative of the following functions
(1) xsinx
(2) (3z —22%)(5 + 4x)
Solution.
(1) %[wsinx] = difc[x] sinz + x%[sinx] =sinx + xrcosx
(2)
%[(?m —22?)(5 +4z)] = %[Sx —22%)(5 + 4x) + (3z — 21;2)%[5 + 4z

= (3—42)(5+4x) + 3z — 22%)(4)
= 15— 20x + 122 — 1622 + 122 — 822 = 15 + 4 — 2422

Now, we move on to the Quotient Rule
Theorem 1.13 (Quotient Rule). Let f(x) and g(x) be differentiable functions and assume
that g(x) # 0. Then
d [f(w)} _ ['(@)g(x) - f(2)g'(x)
dz | g(x) g ()]

The proof is similar to that of the product rule. Instead, let’s just move on to examples:

Example 1.14. Find the derivative of the following functions

() 241
(2) —F=

sint
Vit

Solution.




d { . } _ %[m](ﬁ—i—l)—x%[ﬁ—i—ﬂ
dr [22+1 (2 4+ 1)2
_ WE*+1) —a@r)  1-a?
(22 + 1)2 (22 + 1)2

¢ oy L fsin ¢/ — sin 2 [V]

d [sint _ dt dt
dt | i (V)2
. 1
- cost(v/t) — (Smt)Q_\/; _ 2tcost —sint
= ; - 2¢3/2

Now that we have the quotient rule, we can find the derivatives of the other 4 trig functions.

2

%[tan xr] = sec’x %[cot r] = —csclx
@[sec xr] = secxtanx %[tan x] = —cscxcotw
We will find the derivative of tangent, and the rest will be left as exercises
i[‘camar;] = 4 {Sinx}
dz dzr |cosx
d . . . d
o [sin z] cos  — sin T [cos x]
(cos x)?
_cos’z4sin’z 1
B cos? "~ cos?x
= sec’z

1.4.1. Ezercises. Compute the derivative of the following functions
(1) (2% + 3)(2? — 4x)

(2) Vs(s* +38)
(3) (3 —x)(2* +2)(z* + 2 —1)
(4) 27 sinx

(5) cosxtanzx

32 —1

6) ——
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2? + 5z +6
(7) % — 16
31
p
®) -
(9) csct
(10) cott
(11) sect
(12) z? (g 1 )
r x+1
3(1 — cosb)
(13) sin ¢

1.5. The Chain Rule. mthis section, we cover one of the most important theorems
about derivatives. The product rule and the chain rule together make up the two most
important theorems of derivatives.

Theorem 1.15 (Chain Rule). Let f(z) and g(x) be differentiable functions such that the
range of g(x) lies in the domain of f(x). Then

d d
—l(feg)@)] = —[f(g(2))] = f'(9(2))g'(z)

The proof of this theorem uses another standard trick of analysis, multiplying by something
over itself (see the green terms).

Remark 1.16. An alternative way to write down the derivative, f'(c), is
) = f)
r—c T — C

Proof. In this proof, we assume that g(x) # g(c) for x # c. It is, of course, possible to
remedy this problem using the differentiability of f and g.

) = KO =T600)
_ i F9(@) — flg(0))
w=e g(z) — g(c) xr—c
_ oy 1) = flgle) (. 9(@) —g(e)
e g(x) - g(c) T—c T —c
= [f(g(e)d (c)

Example 1.17. Find the derivative of the function

y = cos(z?).
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Solution. We write y = f(g(z)) and see that f(x) = cosx and g(z) = x2. Then, the chain
rule gives

dy

dz

Using the chain rule, we can get the most general form of the power rule for derivatives

= —sin(z?)(22) = — 2w sin(2?)

Theorem 1.18 (General Power Rule). Let f(z) be a differentiable function and let y =
[f(z)]", n#0. Then

d
= ()" f (@)
Example 1.19. Compute the derivatives of the following functions
(1) (3x —22%)3
(2) sin®(4¢?)
Solution.

(1) The inside function is 3z — 222, so

d [(3z — 22%)%] = 3(3x — 2x2)2di[3x — 227 = 3(3z — 22%)%(3 — 4x) = (9 — 127)(3x — 22%)?

dzx x

(2) This function is a composition of three functions: the outside function is ¢, the
middle function is sint, and the inside function is 4¢2. Thus, we have

d. . 3, 07 9oy A 2
a[sm (4t%)] = 3sin®(4t )E[sm(élt )]

d
= 3sin?(4t?) cos(4t2)—t[4t2]

= 3sin?(4t?) cos(4t?)(8t) = 24t sin®(4t?) cos(4t?)
1.5.1. Exercises. Compute the derivative of the following functions
(1) sindx
(2) 4sec’x
(3) (4z—1)°
(4) Va2 — 4z +2
(5) v9y?+1

(6) tan® 50

1
(7) 52:2\/ 16 — 22
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(9) 2+ (2* +1)°)?

(10) cos(xsin(z tan))

1.6. Summary of Derivative Rules. Let f and g be differentiable func-
tions, and let ¢ be a constant.

1.6.1. Basic Differentiation Rules.
Constant Multiple Rule:

Llefl=er

Sum /Difference Rule:

d

. :|: — ,j: /

lfEd=1+g
Product Rule:

d

fa=1rg+fd
Quotient Rule

d F} 914
de |g| 9>

1.6.2. Derivatives of Basic Functions.

d d n _ n—1
pld =0 2"l = na" (n #0)
4 [sinx] = cos —IJcosz] = —si
S-lsinz] = T T-lcosz] = inx
4 [tanx] = sec’w 4 [secz] = secxtanz
dz B dx B
. [cotz] = —cot’x % [cscx] = —cscxcotx
1.6.3. Chain Rule.
Chain Rule:
d

General Power Rule:



13
1.7. ngher Derivatives. Given a function f(x), we can take its derivative f'(x).

If the limit

P - )

h—0 h
exists, then we write f”(x) and call it the second derivative of f(z). If this second derivative
exists, then we say that f is twice differentiable. We can, of course, continue in this way to
take higher derivatives of f: third, fourth, fifth, etc... The notation for these are

#thderivativeH 0 ‘ 1 2 ‘ 3 ‘ 4 “ n

fi) [ £ @) | f7 @) | f O @) | | fO ()

1.8. Physical Interpretation of the Derivative. Let’s suppose that
we have a function x = z(t) which describes the position at time t of a particle moving around
the x-axis. Recall that velocity is the instantaneous rate of change in position with respect
to time. If we let the initial time be ¢ and t + h some time shortly in the future, then
At = (t+h) —t = h is the change in time and Az = z(t+ h) — x(t) is the change in position
during that time. So, the average velocity over that period of time is given by
Ax

/Ull’l)g - At .
If we let this change in time go to zero (i.e., At — 0, which is equivalent to h — 0), we get
that the instantaneous velocity at time ¢ is

notation f(z)

. x . x(t+h)—z(t)
W= A T T
It is actually customary when dealing with functions of time to denote derivatives with a
dot over the function, i.e.,
v(t) = i(t)

If we combine this with our knowledge of the geometric meaning of the derivative, we
can see the following: Plot the function z = z(¢) and look at the slope of the tangent
line. If the slope of the line is very steep this means the derivative is very large (positive
or negative large number). Interpreting what that means in terms of position and time,
if the tangent line is steep, that means that the position has changed a large amount in a
small amount of time, i.e., that the velocity is large. Likewise, we can associate a smaller
slope with a smaller velocity since the change in position with respect to time will be smaller.

=)

Finally, recall that acceleration is the change in velocity with respect to time. Following a
similar argument to the one for velocity, we find that acceleration is the derivative of velocity,
ie.,

a(t) = oft) =)
= o'(t) = 2"(¢)

1.9. Important Theorems about Derivatives.

Theorem 1.20 (Rolle’s Theorem). Let f be continuous on the closed interval [a,b] and
differentiable on the open interval (a,b). If f(a) = f(b), then there is at least one number ¢
in (a,b) such that f'(c) = 0.
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Theorem 1.21 (Mean Value Theorem). If f is continuous on the closed interval [a,b] and
differentiable on the open interval (a,b), then there exists a number ¢ in (a,b) such that

o =10 =10

Proof. The secant line between the points (a, f(a)) and (b, f(b)) on the graph is given by

y= IO oy g

Let g(x) be the difference between f(x) and y

gr) = f(z)—y

= 4o - 1Oy

The continuity of f on [a, b] and differentiability of f on (a,b) imply the same properties for
g(x). Notice that g(a) = 0 and g(b) = 0, so that we may apply Rolle’s Theorem to find a ¢
in the interval (a, b) such that ¢’(c) = 0. But

so that

which implies
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2. INTEGRATION

2.1. Antiderivatives and Indefinite Integrals. An antiderivative, as
its name implies, is the opposite of a derivative. It is the inverse operation to the derivative.

Definition 2.1 (Antiderivative). Let f(z) and F(z) be functions. We say that F' is an
antideriwative of f if

d
—F(@)) = f(@)

The antiderivative of a function is not unique!!

Example 2.2. Find two antiderivatives of f(z) = 2.

Solution. We know that g

%[x?’]:i%a?
S0 i

e B | R

m{ﬂ} 2

1 1
Thus F(r) = ~2% is an antiderivative of z*. Notice that G(z) = gx?’ + 2 is also an antideriv-

ative of f since

d |1 4 2 2
— |z 2| = — 22
I{gm—i—} 4+ 0=z

1
The most general antiderivative of f(x) = 22 is F(x) = §x3+C . We call this the indefinite

integral of f(x) = x2.

Definition 2.3 (Indefinite Integral). Let f(x) be a function and let F'(x) be any antideriv-
ative of f(x). Then the indefinite integral of f(z) is the function

/f(a:)dx:F(;E)—l—C’

where C' is an arbitrary constant known as the constant of integration.
Remark 2.4. In /f(x) dx, the function f(x) is called the integrand.

Integration and differentiation are inverses to each other:

/f@ﬂx—-ﬂ@+0

| [ 1@ = s

Example 2.5. Compute the indefinite integral of the following functions
(1) x+7
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Solution.

: L : o 1 o
(1) Since the derivative of z? is 2z, we get that an antiderivative of z is ~z?. Likewise,

since the derivative of 7z is 7, an antiderivative of 7 is 7z. Thus the indefinite integral
is

1
/@+nmz§ﬁ+m+c

3
(2) Recall that v/t = t'/2. Since the derivative of +%/2 is §t1/ 2. an antiderivative of v/t is

2
§t3/ 2. Thus the indefinite integral is

Q/ﬂﬁ_§ﬂ+c

(3) Recall that the derivative of cos@ is —sind. Thus, an antiderivative of 4sinf is
—4 cosf. So, the indefinite integral is

/4Sin9d9: —4cosf+C

2.1.1. Ezercises. Compute the indefinite integral of the following functions. Check your
answers by differentiating your result and matching it with the original function.

(1) 9¢2

(2) V7
z+6

(3) 7z

(4) secy(tany — secy)
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2.2. Properties of Indefinite Integrals. Since the derivative and indef-
inite integral are inverse operations to each other, we can reverse properties we’'ve found for
derivatives to get properties for integrals. Let C' and k£ be constants.

Differentiation Formula

Integration Formula

d
E[C] =0
d /
I kf@)] = kf'(2)
d / /
%[f(x) +g(x)] = f'(z) £ ()
%W] =na" n £ 0
d . .
%[sm x] = cosx
@[cosx] = —sinz
%[tan x] = sec’x
%[sec x] =secxtanz
. [cot 2] = —csc® x
d
%[CSC x] = —cscxcotx

/

/de:c
/kf’(x)dx: kf(z)+C

flz) £g(z)+C

J(r@ £g@) s
x”dzsz”HnLC’ n# —1
n+1 ’
/cosxda::sinx—i-c
/sinxda::—cosx—i-C’
/seCQxdx:tanx+C’
/Secmtanxd:v:secx+0

/cchq;dx: —cotx +C

/cscxcotxdx: —cscx +C

Recall that n # 0 in the power rule for derivatives because 2° = 1 (there’s an issue if z = 0,
but we’ll just sweep that under the carpet and ignore it for sake of brevity), and so it is
just the derivative of a constant, which is 0. This corresponds to the case when n = —1

1
for integrals, since an antiderivative of — cannot possibly be just a constant function. We’ll
x

1
deal with the integral of — later. Likewise, notice we don’t have formulas for the integrals
x

of tanz, secx, cot z, or cscx. Computing these integrals requires some tricks and knowing

what the integral of — is.
x
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2.2.1. Ezercises. Compute the following indefinite integrals

(1) /(13—:1;)(130
@) /(x5+1)dx
(3) / (12 — cost)dt
(4) / 5 i

(5) / (6% — sec 0)do
(6) /(1—csctcott)dt

(7) /(y‘?’/2 + tan’y + 1)dy

2.3. Riemann Sums and the Definite Integral. One goal of a def-
inite integral is to find the area under a curve y = f(z) over an interval [a,b]. Other uses
of a definite integral include integrating a velocity function from the start time to the end
time to find the total distance traveled.

2.3.1. The Riemann Sum. Suppose that f is a function defined on the closed interval
[a, ], and let n be a positive integer. Partition the interval [a, b] into n parts

A=Tg<T1 <Xy < - < Tp_1<Tp,=>0
and let Az; = x; — ;1 for 1 < i <mn, ie., Az; is the length of the subinterval [z;_q, ;] for
1=1,...,n.

Definition 2.6 (Riemann Sum). Let 2} be any point in the interval [z;_q, x;]. The sum

Z f(x})Az;

is called a Riemann Sum.

Let us observe what the Riemann sum is telling us in the case when f(x) > 0 fora <z < b:
Over the interval [z;_1, x;], we draw a rectangle of height f(x}), then the area of that rectangle
is f(27)Az. The Riemann sum is adding up the area of these rectangles, and thus giving an
approximation of the area under the curve y = f(z).

To this effect, it is common, and rather convenient, to choose the intervals [z;_1,x;] to
have equal length. To do this, just force

b—a

Ax =

n
and let z; = a+iAz,1=0,1,2,...,n.



L L
0.0 0.5 10 15 20

(A) 6 rectangles

1

77/7

L L L
0.0 05 1.0 15 2.0

(B) 14 rectangles

0.0 0.5 1o 135 0

(C) 40 rectangles

FIGURE 1. Riemann sums using increasing numbers of rectangles become bet-
ter approximations of the area under a positive function.

2.3.2. Some Special Summations.

n

(1) Z ¢ = cn, ¢ is a constant

(2) Zzzw

3) ZZQ _ n(n + 1)6(2n +1)

=1

- n?(n +1)>2
4 =
(4) ;z 7

19
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2.3.3. The Definite Integral.

Definition 2.7 (Definite Integral). Given a function f on an interval [a,b] and a partition
of [a, b] as above with equal sized subintervals, we say that f is integrable on [a, b] if the limit

lim Z flah)Ax
i=1

exists. In this case, we write

PN / f(z) dz

which we call the definite integral of f from a to b.
To facilitate being able to tell if a function is integrable, we have the following theorem

Theorem 2.8. If f is a continuous function on the interval |a,b], then f is integrable on
la,b], i.e.,
b
| tayas

Example 2.9. Compute the following definite integrals:

(1) /ngdx

(2) /_2 32° dx

1

exists.

Solution.
, . b—a 3-0 ,
(1) Using the conventions above, Az = = = —. Then z; = a + iAz =
n n n
3 3
0+i1— = Gy For the sample points, =}, we will choose the right endpoints of the
n on
2
subintervals [z; 1, x;], i.e., 27 = x; = y Then, we have
n

3 . & * ] ; i ’
/0 rdr = nllj{)lo;ﬂxz)Ax - nlggoz (E> (ﬁ)

i=1

n . n
) 97 . 9 )
= lim E — = lim — E 7
n—oo n2 n—oo ’I’L2
i=1 i=1

. 9n(n+1) . 9n*+n
= lim ————— = lim 5
n—oo 1 2 n—oo 2 n?
9 1 9
= lim - (1+—) ==
oo 2 ( * n) 2
L 2—-(-1) 3 o 3 :
(2) This time, we have Ax = —————= = —. This time x; = —1 + i—. Once again, we
n n n

i
will choose the right endpoints for z} so that z} = x; = —1 + —. So, the definite
n
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integral is

2 .\ 2
3t\" 3
2 —
[t - J:%Zf M—JE&Z?)( )0

1

. 3 — 18 27
- (Z—Z— 3)

_ lim3<§ _1_8n(n+1) gn(n+1)(2n+1)>

n—o00 nn n2 2 +n3 6
2 3 2
~ tm3(3— 9n +n+gn+3n +n
n—oo 2 2 n3

1 1
— tm3(3—9(1+1)+2 2+§+
n—00 n 2 n2
— 3(3-9+9)=9

2.3.4. Exercises. Compute the following definite integrals using Riemann sums

(1) /0393361:5

@) /14(332 +1)dz

2.4. The Fundamental Theorem of Calculus. As it stands, com-
puting a definite integral is quite the chore! However, the following theorem turns it into a
problem of finding an antiderivative, then plugging in some numbers!

Theorem 2.10 (Fundamental Theorem of Calculus). If a function f is continuous on the
closed interval [a,b] and F is an antiderivative of f on the interal [a,b], then

/ f(x)dz = F(b) — F(a)

Proof. Let’s take a partition of [a, b]
a=xp< 1 <--<x, =0

and let Az; = z; — x;—1. We will cleverly rewrite F'(b) — F'(a) as

F(b)—F(a) = F(xy,)—F(zp_1)+F(xp_1)— - —F(x)+F(x1)—F(x9) = Z (F(x;) — F(xi—1))
i=1

Using the mean value theorem, we know there is a ¢; in each interval [z;, z;11] such that

F({L‘Z) — F(ZL‘i_l)

Ty — Ti—1

F/(Ci) =

But F'(¢;) = f(¢;) and since Ax; = z; — x;_1 we have

flei)Ax; = F(x;) — F(x-1)
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so that

Now, taking n — oo, we arrive at

b
/ F(@)dz = F(b) — F(a)

Remark 2.11. When evaluating a definite integral, a common notation to use is

b
t/ﬂ@MZFmM=F@—F@

Example 2.12. Compute the following definite integrals

(1) /_21 32° dx

@) /1 ' u\/_EQdu

Solution.

(1) An antiderivative of 3z? is x®, so

2
/ 32 de = 2| =2 — (~1)’ =8 (~1) =9

1
1

) 2
(2) Since “ = /u — 2u~/2 we can find an antiderivative to be 5“3/2 — 4y/u. Then,

Ju
o = (o)

- - _4==

Now, once again, derivatives and integrals are inverse to each other, so we can rephrase
the Fundamental Theorem of Calculus in an alternate way to reflect this.

Theorem 2.13 (Fundamental Theorem of Calculus (Alternate Version)). If a function f is
continuous on an open interval I containing a, then for every x in the interval 1

%l?mwzﬂw

Proof. Let F' be an antiderivative of f, then the Fundamental Theorem of Calculus gives

/?@w:Fm—F@



Differentiating this gives

[ 0= (P - Fa)

2.4.1. Ezercises. Compute the following definite integrals

(1) /02 6x dx

(2) /_2(7 —2z)dx

1

(3)/ cost dt

0

(4)/ sin ¢ dt
0

<5)/0 V(e +8) da

(6) /18\/;@;

7r/41_ in20
(7)/ ey
0

cos? 0
) /1(V—2)drc

w/3
9) / 4dsecftan6 do

—7/3

w/2
(10) / (2x + cosx) dx
—7/2

(11) /11 2| d

(12) /05 - 2| da

4
(13)/ |2° — 4z + 3| dx
0

2.5. Integration by Substitution. The technique of integration by substi-
tution, also known more colloquially as u-substitution is the reversal of the Chain Rule.

Theorem 2.14 (Integration by Substitution). Let g be a differentiable function whose range
s an interval I and let f be function continuous on the interval I. Let F' be an antiderivative

for f on I, then
[ Hao (@) dz = Fig(o) +C
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Proof. Recall the Chain Rule

d%[F(g(fr))] = F'(g(x))g'(x) = f(g(x))g'(x)

Integrating both sides of this equation gives
[ Hoog (@) dz = Fig(o) +-©
O

Remark 2.15. In the spirit of the name u-substitution, let v = g(z). Then du = ¢'(x) dz and
we can rewrite the theorem as

/f(u)du =F(u)+C

The key to using this theorem to try and look for the f(g(z))¢'(z) pattern in the integrand.
Let’s do a few examples to see this

Example 2.16. Compute the following integrals

(1) /(J;2+1)2(2x)dx
2) /50085xdm
(3) /x(x2+4)2dx

Solution.
(1) Notice that if we take u = x? + 1, then and we can find both of these
things in the integral
/({L‘2 + 1)2
2

So, then we get
1 1
/(w2+1)2(2x)d:v:/u2du: gug—l—C: §(x2+1)+0

It is VERY IMPORTANT that you do not forget to plug back in everywhere there
is a u!!
(2) In this case, we can use u = bz and then du = 5dz. So,

/50085xdx:/cosudu:sinu+C:sin5x+C

(3) What we want to choose for u is u = x? + 4, but du = 2z dr and there is no 2 in
the integrand... We can create one though by multiplying and dividing by 2 in the
integrand

1 1
/x(mQ +4)dx = /§2x(x2 +4)dx = 5 / 22 (2 +4)* dx
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An alternative, and much easier way to accomplish this substitution is to just divide

1
by 2 in the equation du = 2z dx to get édu = x dx. Either way, we end up with

/x(x2+4)2dx: %/uzdu = éu3+C’: é(w2+4)3+0
As the last example showed, the integrands, as given, might not always line up well with
the f'(g(x))g'(z) form, and we have to mess with the integrand, or with the du to get the
formula to work. This is a common issue, and sometimes it requires even more trickery!
It could involve changing the original substitution into another form to solve the problem.
This process is more appropriately called a change of variables.

Example 2.17. Compute the following integrals

(1) / /2o = dda
2) / VIFsinfdo

Solution.

(1) Here, we let u = 2x — 4, then du = 2dx. Now, notice how that = outside the square
root is not covered by the du... to take care of it, we can solve for z in our substitution

1
r = §u+2, then

/NM@ = /(%u+2> \/E%du

_ 1 3/2 _ 1 5/2 2 3/2
= /<4u +\/ﬂ)du_10u +3u +C

oL 2 2 2
= 10(2x 4)°= + 3(23: 4)°* 4+ C
(2) In this problem, the apparent substitution to make is u = 1 + sinf. Then du =
cosf df. However, there is nowhere in the integrand something we can use to take
care of the cosf. However, since we are dealing with trig functions, we can use sin 6
to find cosf. Since sinf = u — 1, we can draw the right triangle for the angle 6, then

ite ed djacent ed
using the fact that sinf = M, we can find cos § — Sajacent edse
hypotenuse hypotenuse
1
u—1
0 [

J1—(u—1)2
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1 1
_ (i —1)2 — — .2 _ _
So, cosf = /1 — (u—1)2 = v/2u — 2. Thus, df = cos@du = 2u—u2du and so
we can finally get
/\/l—l—sm dQ—/\/_ /V du
2u — u2 —u
Now, this integral requires a second substitution, v = 2 — u, dv = —du. Doing this

gives

/@/2 ! du:/v_l/Q(—dv):—2\/5+C:—2\/2—u+C’:—2\/1—sin9+0
—u

To close out this section on integration by substitution, let’s briefly discuss how to handle
definite integrals. The only difference now is we have to change the bounds of the integral
as well. The nice part is, if we change the bounds, we don’t have to switch variables back at
the end of the problem!

Theorem 2.18 (Change of Variables for Definite Integrals). Suppose the function u = g(z)
has a continuous derivative on the closed interval [a,b] and f is continuous on the range of

g. Then,
u(b)
/ f(g x)dxr = flu)du
u(a)

What this basically means is that we plug the old bounds into our u-substitution to get
the new bounds.

Example 2.19. Compute the definite integral

1
/ z(x* +1)° du
0

1
Solution. We let w = x? + 1, then du = 2xdx or §du = xdz. The bounds become u(0) =
0?2 + 1 =1 for the lower bound and u(1) = 12 + 1 = 2 for the upper bound, and we get

! 21 1 1 15
2 13d:/—3d:—4 16 —1
/Ox(x—i-)x 12uu8u18( )8

2.5.1. Exercises. Compute the given integrals

(1) /(1+6x)7(6)dx

2) /\3/3—4x2(—8x) dx

(3) /x2(6—x3)5dx

(4) /t\/t2+1dt

(5) /sin@cos@d@

2
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(6) / sin® 0 cos 0 df

(7) /(1+%>3 ds
® [ (= g)

N

(10) /%cos%dq

(11) /x\/x—+6d:1:

(12) /(;c+1)\/malx

x?—1

—m dx
(14) /_1 z(x? +1)* do

(15) /01 V1 — 22 dr

(13)

|
(16)/0 —_2x+1dx

an /f%dx

? 1
) G

2.6. Integration by Parts. (This will be skipped in class, but for sake of flow,
convenience, and completion, it will be included here.)

We saw that reversing the Chain Rule gives Integration by Substitution. Now, what if we
integrate the Product Rule? Recall that the product rule is

d

L [f(@)g@)] = f'(@)g(x) + f(2)g' (@)

We integrate both sides
d
[ r@g@nde = [ F@gta)ds+ [ so(a) ds
which leaves us with

f@ﬂ@z/f@%@w+/ﬂ@ﬂﬂw
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where the constants of integration are implicit in the indefinite integrals. We often rewrite
this and arrive at

Theorem 2.20 (Integration by Parts). Let f and g be functions whose derivatives are
continuous. Then

/ f(2)g (x) dz = f(z)g(x) — / f(@)g(x) de

Remark 2.21. If we let v = f(z) and v = g(x), then we can arrive at the commonly stated

form of integration by parts
/udv:uv—/vdu

Note, in particular, that dv = ¢'(z)dz.

When using integration by parts, the question becomes about how to choose u and dv.
The general idea is to choose u to be a function so that du is simpler than u, and to choose
dv to be the most complicated part we can actually integrate. A rule for choosing u and
dv which can help is to choose them according to the word LIATE (sometimes people write
ILATE instead... it doesn’t matter since if you only have functions corresponding to I and
L, it’s probably going to be a hard integral anyway). The acronym stands for

Logarithmic

Inverse Trigonometric
Algebraic
Trigonometric
Exponential

The general idea is to choose u to be the part of the integrand which shows up first in this
list, and dv to be the rest. As of yet, we haven’t discussed exponential, inverse trig, or
logarithmic derivatives/integrals, but we can still get some early practice with the method.

Example 2.22. Compute the following integral

/xcosxdx

Solution. We choose u = x and dv = cos z dx since then du = dz and v = sinz (notice how
du is simpler than ). Then

/:ccos:z:dx:xsin:c—/Sin:cdx:xsinx+cosx+0

There is also a version of integration by parts for definite integrals. To obtain it, just
integrate the product rule from a to b, and you will find the following

Theorem 2.23 (Integration by Parts for Definite Integrals). Let f and g be functions whose
derivatives are continuous on (a,b). Then

i - [ s

s
/ 22 sinx dx
0

/ f(2)d (@) dz = f(z)g(x)

Example 2.24. Compute
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Solution. Since we cannot integrate z?sinz using any of our other techniques, we will do
integration by parts with v = 22 and dv = sinx, dx. Then du = 2z dx and v = — cos z, so

T
/ r?sinzdr = —22 cosx
0

+2/ T cosxdr
0 0

Now, we again have to use integration by parts on xcosz. Use u = z and dv = cos x dz, so
that du = dx and v = sin x, then the integral becomes

i vy
. T
/ZEQSIHZEdl‘ = —x2cosx‘0+2/ T cosz dr
0 0

™
™ . .
= —x2cosx’0+2<xsmx|g—/ smxdw)
0

= - cosx’g + 2 (xsinz|; — (—cosz)lg)

= (—7m?cosT —0) +2[(msinm — 0) — (— cos T + cos 0)]
= m+2[0-2]=7"—4
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3. CALCULUS OF TRANSCENDENTAL FUNCTIONS

3.1. Calculus of Inverse Functions. Suppose that £ is an invertible func-
tion with inverse f~! and further suppose that both f and f~! are differentiable. Then, we
get the following interpretation of the derivative of f=!

Theorem 3.1. If f is a differentiable function and f~! is its inverse which is also differen-
tiable, then

-
fH (=)

Proof. Since f and f~! are inverse to each other, we have that

(F7) (2) =

v = f(f(2))

and so taking the derivative of both sides gives

O

To show off this theorem, let’s finally find the derivative of a few inverse trigonometric
functions. We will denote the inverse functions as follows:

f(z) =sinz = f!(r)=arcsinx
Example 3.2. Find the derivative of the following functions.
(1) arcsinx

(2) arctanx

Solution.

(1) Let f(x) =sinx so that f~!(x) = arcsinz. Then

. 1 1
— |arcsinz] = =

dx f'(f~Y(x))  cos(arcsinz)

Using the right triangle to figure out cos(arcsin x)
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S
V1 —x?

we see that cos(arcsinx) = /1 — 22 so that
d farcsin 2] 1
—[arcsinz] =
dx V1—2a?

(2) Let f(x) = tanx so that f~!(x) = arctanz. Then

1 1
%[arctan 7] = f(fHx)) - sec?(arctan z)

Using the right triangle to figure out sec?(arctan )

V14 x?

0

1

we see that sec?(arctanz) = (V1 + x2)2 =1+ 22 so that

d
— [arctan x] =

dx

1+ 22
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The other derivatives of inverse trigonometric functions are

arccosr| = arccot r| =
1+ x2

dx V1— 22 dx
The domain for y = arcsec x and y = arccsc z is |x| > 1. The ranges for y = arcsec z
and y = arccsc z, however, are something that is not universally decided. This comes from
choosing different domains for x = secy and x = cscy. Different books tend to choose
different domains, for example, some texts will choose the domains to be [0, %) U [7r, 37”)
for x = secy and (0, g] U (7r, %ﬂ, while others will choose [O, g) U (%,ﬂ for x = secy
and [—g, O) U (0, g] for x = cscy. We will choose the first option to make the derivative
look simpler. The difference we see in the derivatives is an absolute value on the = in the

denominator in the latter case.

d [ ] 1 d [ ] 1
——|arcsec r| = ——— —larcesc | = ——m8 ——
dx v —1 dz vrZ —1

3.1.1. Exercises. Compute the derivatives of the following functions

(1) arccosx

(2) arccot x

3.2. Logarithmic and Exponential Functions.

. 1
3.2.1. Natural Logarithm. As of yet, we have not integrated —. Now, we integrate it by
x
making a definition:

Definition 3.3 (Natural Logarithm). For any « in the interval (0, 00), we define the natural
logarithm of x to be the number
“1
Inz = / —dt.
1t

d
— = —.
d:c[nx] T

This means, of course, that

1
We can use this to find the antiderivative of — for all x # 0. Observe the following
x

d 1 1
S n(—2)] = —(—1) = =
“lin(-2)] = =—(-1) = -
so that p p
L fina] = - fin(—)
Hence we can define, for all x # 0

1
/—dmzln]mH—C’
T

Remark 3.4. This definition of In x satisfies the expected properties of logarithms: In1 = 0,
In(ab) = Ina + Inb, and In(a™) = nlna; none of which are too difficult to check.
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Now that we have the integral of —, we can finally integrate the rest of the trigonometric
x
functions
Example 3.5. Find the integral of the following functions
(1) tanx
(2) secx

Solution.

(1)

Sin .’L' U=COS T - 1
/tanxd:v = / dr = /—du
Ccos T U

= —Inju/|+C=—In|cosz|+C =1In

L'—|—C’:hr1]seczc|+0
cos T
(2)

secx + tanx sec? r + secx tanx
sec x dx = sec x———dx = dx
secx + tanx secxr + tanx

u=seczx anx 1
Zr /—du =Inju|+C
u
= In|secx + tanz| + C

The remaining integrals of trigonometric functions are
/Cscxda: = —1In|cscz + cot x| + C
and
/cota:dx =In|sinz|+ C

To integrate In z, we actually need to use integration by parts! In the integral

/lnxdm

let w =1Inx and dv = dx, then du = ldm and v = x so that
x

1
/lnxdx:xlnx—/x—dx:azlnx—/da::xlnx—x+0

T
3.2.2. Natural Exponential.

Definition 3.6 (The Natural Number). Let us define the natural number, e, to be the
number such that

lne=1

Definition 3.7 (Natural Exponential Function). The natural exponential function is the
function given by raising e to the power z, i.e.,

flx) =e”
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The function e® is the inverse function to In z since
In(e®) =zxlne=2(l) =z

Using the fact that e® is the inverse function to Inx, we can find its derivative. Let
f(x) = Inz, then f~'(z) = €%, then applying the result for differentiating inverses gives
d 1 1
=———=—=¢

@ T T T T

That is, e* is its own derivative! Of course, this also implies that

/exdx:e"”—l—C

T

since the integral is the inverse operation to the derivative.

Example 3.8. Compute

di[el' COs ZL':I‘
x
Solution.
d T COST X COST T COST :
d—[e | = d—[xcos:v]:e (cosz — wsinx)
x x

Example 3.9. Compute

3
/x2ez dz

Solution. This fits the pattern of a u-sub problem with v = 23, so that du = 322 dx

3 3 3

As a final example, here is an integration by parts example that more frequently shows up

1 1 1
/$2€x3dl‘ = /—e“du =—e"+C = —e® +C

Example 3.10. Integrate the function e*sinx.

Solution. In this case, following the LIATE rule, we choose u = sinz and dv = e*dx. Then
du = cosx dr and v = €”, and we get

/ea’sinxdx:ezsinx—/e‘”cosxdx

Since we still can’t do that integral, we do integration by parts again, this time with u = cos x
and dv = e*dx. Then du = —sinx dx and dv = e*dx so that

/ezsinxdx:e“’sinx— <ezcosx+/e$sinxdx> :exsinx—emcosx—/exsinxdx

Notice how we end up with the integral we started with! We can move that to the other side
to get
Q/exsinxdx =e’sinx —e“cosx + C

and then we get that the integral is

/ezsinxcm =

(e*sinx — e"cosx) + C

N | —



3.2.3. Exercises. Find the derivatives of the following functions
(1) In(3x)
(2) In(222 + 1)
(3) In(t + 1)?
(4) InvV22 —4
(5) In(Inx)

r+1
r—1

(6) In

coS T '

(10) 2e7*+1
(11) e*Inx
(12) In (1 + )

62:1:

1 -

Inx
(14) / cos e'dt

Find the integrals of the following functions

(15) cotx

(16) cscx

(17)

(Inz)?

(18)

(19) 5 —4x

33'2

4 — 573

(20)



22 +2cx+3

3+ 322 + 9
1

22

( ) 1+ V22

(23) e " (—4a®)

(21)

(24) e*®

(25) e*(e” +1)?

W
(26) —=

B

(27) e
1

6232

(28)



